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YU CJIOBUIA AJITOPUTM BUSHAUYEHHSA HAIIPYKEHB BL/IS IIJIKPIIJIEHUX
OTBOPIB Y IINIACTUHKAX.

MaxkcumoBuuy B.M., Consip T.S., IIpuxoabko O.C. YuciaoBuil aaroputM BusHaueHHsi Hampys:keHb Oins
MiAKpiNUIeHHX OTBOpPIiB Yy MJIacTHHKaX. Po3poOneHo ainropuTM BH3HAUYCHHS HANPYKEHb y IDIACTHHKAX 13 MPYKHIMHI
BKJTIOUCHHSIMH, SIKi ITOCITIa0JICHI OTBOpaMHU. AJITOPUTM 0a3yeThCsl HA MOAN(IKOBAaHNX 1HTETPAIPHNX PIBHSIHHAX, 32 SIKHX YMOBH Ha
MEXi OTBOPY 3aJOBOJBHSIOTHCS TOTOXKHO. [HTErpanbHi piBHSHHS PO3B’S3aHO YHCEIHHO 3a JOMOMOIOI0 METORY MEXaHIdHHX
kBaapartyp. lIpoBeneHo IOCHiMKEHHS HampyKeHb Oils BKIIIOUCHb i3 OTBOpaMH pi3HOI (opMu. BcTaHOBIEHO XapaKTepHi
0COOIHMBOCTI Yy PO3MOLII HAIIPYKEHB 3aJISKHO Bifl ()OPMHU BKITIOUEHD Ta OTBOPIB.

Ki11040Bi c/10Ba: TNIaCTHHKY, BKITIOYEHHS, OTBOPH, HANIPYKEHHS, MOAM()IKOBAHI IHTErpaIbHI PIBHSHHS

MaxkcumoBuy B.M., Coasp T.fA., Ipuxoasko O.C. UmncieHHBIH aJropuT™M omnpeseleHusl HamnpsikeHUii Bo3ie
NMOAKPeNIEHHbIX O0TBepCTHil B MJAcTHHKAX. Pa3paboTaH alropuT™m OIpeAesieHns] HANpsDKEHHH B INIACTHHKAaX C YIPYTHEMH
BKJTIOUCHUSIMH, KOTOpBIE MOCHAONCHBI OTBEPCTHUSIMH. ANTOpUTM 0asupyercss Ha MOAU(HUIMPOBAHHBIX HHTETPATbHBIX
YPaBHEHUSX, NPU KOTOPBHIX YCIOBMSI Ha TPAHUIE OTBEPCTHS YHOBIETBOPSIOTCS TOXKAECTBEHHO. MHTerpanbHble ypaBHEHUS
peIIeHBI YHUCICHHO C MOMOIIBI0 METOa MEXaHMIeCKUX KBaapaTyp. [IpoBeneHo mcciaejoBaHNe HANPSDKEHUH BO3JIE BKIIIOYEHHH C
OTBEPCTHSIMU Pa3INIHBIX (OpM. YCTaHOBIEHBI XapaKTepHbIE OCOOCHHOCTH B PacIpefeICHUN HATPSDKCHUH B 3aBHCUMOCTH OT
(hopMBI BKITFOUCHUIT 1 OTBEPCTHH.

KiioueBble ¢J10Ba: TUIACTUHKY, BKITIOYEHHS, OTBEPCTHS, HAPSDKCHUST, MOIU(DUIIMPOBAHHBIE HHTET PATBHBIC yPaBHEHHS

V. M. Maksymovych, T. Ya. Solyar, O. S. Prykhod’ko. Numerical algorithm for determining stresses near
reinforcements openingsS in the plates. An algorithm to determine the stresses in the plates with elastic inclusions, weathered
by the openings, is developed. The algorithm is based on the modified integral equations, for which the conditions on the opening
boundary are satisfied identically. The integral equations are solved numerically by the method of mechanical quadratures.
Investigation of the stresses near inclusions with openings of different forms is carried out. The singularities in distribution of
stresses, depending on the form of inclusions and openings, are determined.

Keywords: plates, inclusions, openings, stresses, modified integral equations

IocranoBka mpoOaemu. [l 3MeHIIEHHs KOHLEHTpamii HalpyXeHb Ol OTBOpIB iX
MiAKPIIUTIOIOT NPYKHUMU KUTbLsAMH. [I7i1 TpoBeIeHHS PO3paxyHKIB Ha MIIHICTh IUIACTHHOK 13
MiAKPIIJICHUMH OTBOPaMH HEOOX1AHO JOCTIANTH KOHLEHTPAIil0 HAanpyXeHb. Taka mpobiieMa 3BOANTHCS
O BU3HAYCHHSA HAINPY)KEHb y IUIACTHHKAX i3 NPYKHUMH BKJIIOUEHHSMH, AKi JOJATKOBO IOCialieHi
OTBOpaMHU.

AHaJIi3 0CTaHHIX JOCTIIKeHb | myOaiKkamiii.

JlocnimKeHHI0 HaIlpY)KEHOro CTaHy IJIACTUHOK i3 BKIIOYEHHSMH MPUCBSYECHO 3HAYHO MEHIIE
mpaik, HXK OAHOPImHUM miaactuHkam [2-8]. Tliaxix 10 JOCTiMKeHHS TakuX 3a7ad Ha OCHOBI METOLY
rpaHnYHUX iHTerpanbHux piBHsAHb (MI'IP) 3anpononoBano y [8-10].

HeBupimeni yactuan nmpodaemu. 3acrocyBands MI'IP cTocoBHO /10 TIIaCTHHOK HECKIHYEHHUX
po3MipiB (30kpema, s MIBIUIONIHH i CMYT) Ta JJIs BUMA/KIB, KOJH BKJIIOUCHHS PO3MIIICHI OJIM3BKO JI0
OTBOpY 200 OTBOPU MAIOTh CKJIAAHY (GOpPMY, YCKIaIHIOEThCs. ToMmy B JiTepaTypi A OKpEMHX KiIaciB
TaKUX IUIACTHHOK i3 OTBOpaMH i TpillMHAMH MOOYAOBaHI MOauQiKoBaHi iHTErpaibHi PIBHSIHHSA, 32 SIKHX
YMOBH Ha BUOpaHiii MeXIi IIIACTUHKH 330BOJIBHAIOTHCS TOTOXHO [1, 9].

MeTo10 A0cCaiIzKeHHs € Po3po0Ka MiAXOLy IO PO3PaxyHKY HaIlpyKEHO-Ie(QOpPMOBAHOTO CTaHY
(HAC) mnacTUHOK i3 BKIIOYEHHSIMH, LIO IOCTA0NCHI OTBOpaMH, SKWil 0a3yeThbcsi Ha MOAU(IKOBAaHHX
iHTerpajibHUX piBHAHHAX. i1t peamizanii migxoxy moOyaoBaHO po3B’si30K TUMY ['piHa, SIKMl BXOAWTH B
IHTErpajbHE PiBHIHHSL

OcHoOBHI pe3yabTaTH A0CHiTKeHHs. Po3rismaerscs 3amada mipo gocmimxenas HJIC izorpomHoi
TUTACTUHKH 3 TIPY)KHUMH BKIIIOYCHHSIMH 3 IHIIOrO Matepiany, siki mocnabneHi orBopamu. Ilpuiimemo:
IIACTHHKA 3aiiMae obnacte D, oOMexeHy KOHTYpoM Lp; ruiacTuHka niepedyBae Mmia Ai€r0 MPpUKIaIeHuX

Ha HECKIHYEHHOCTI 3yCHJIb; B TOYKax C i SIKI HaJeXKaTh BKIFOUCHHIO Ta MATPUIll, MIOTh 30CEPEIHKEHI

CHITH (X j,Yj), (j=1...,J); nnacrunka nepeGyBae B yMOBax IUIOCKOTO HANPYKEHOrO CTaHy, MEXa

OTBOPY y BKIIIOYEHHI BilbHA BiJ HaBaHTaXeHb. IIpyXHi cTami [y BKJIIOYEHb I103HAYaTHMEMO YEpe3
G;,x; (1=1..,J), amarpumi - uepes Gy, x,. Tyr G; — monmymi scysy, x; =(@-v;)/(L+v,), v, -
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koedimientu [lyaccona. BBaxxaTumMeMo Takoxk, IO HA MEKi MOAUTY MaTepialiB Mae MicIe ifcanbHUN
MEXAHIYHUN KOHTAKT.
OcHoBHi cniBBinHOmeHHs. Brupa3umo 3aransHuii po3B’sI30K MOCTaBJICHOT 3aa4i Yepe3 KOMILIEKCHI

norenniany  KonocoBa-Mycxenimsini  ®(z), W(z) [6]. Buxopucraemo cHiBBiIHOIIEHHS JUIs
BH3HAYCHHs BekTopa HampykeHb (. = N, +IT. y moBinbHiit Touni Z kpuoi I Ha mormuHiil 1o Hei

TUTOLIMHIII Yepe3 KOMIUIEKCHI nmorenuiany [6, 9]:
0 (2) =®(z) + D(z) +dz / dz[zD'(z) + W(2)], 1)

ne dz — qudepeniian 3minHoi Z Ha kpuBiit, N, T, — HopManbHi i JOTHYHI IIPOEKIiT BEKTOpa HA KPUBIil
r.

[Moxigui Bim mepeMillleHb IUIACTHHKA 3 TPYXHUMH xapakrepuctukamu G,y wna kpusii [
BHU3HAYaTUMEMO 32 (popMyIaMH

2G(U'+iv') = y@(z) - ®(z) - dz / dz[zD (2) + ¥(2)], )
ne U'+iv'=d(u+iv)/dz.

MonudikoBani inTerpanpni piBHssHHA. Po3risiHeMo miacTuHKy, o 3aiimae obnacte D, mexa
1iei oOnacTi HeHaBaHTaXKEHa, TUIACTHHKA Tepe0yBae i €0 3yCHITb Ha HECKIHYEHHOCTI (V1S IIIaCTHHOK
HECKIHUCHHUX PO3MIpiB) Ta 30CEPEIKCHUX CHIL.

. . .. D D - . . .o .
Beenemo y posrisa moteniianu Mycxemimini @ i ¥ i j=12, sxi B moBuIbHiN TOUI

t =c e D marors nomrocu

D Ci D Ci i i
O, ~ , Vo~ —-———.mpu C, =1C, =1.
j 2 1 2
c—z c-z (c-2)
Toni iHTerpanbHe 300pakE€HHSI 3arajbHOTO PO3B’S3KY 3a1adi Teopil mpyxkHocTi s obmacti D
3anumiemMo y Burisiai [4]

(z) =j[R(t)chD(z,t)+ I(0)@3 (z,1) |ds+ @, (2),

3
¥(2) =j[R(t)\PlD(z,t)+ (0P (2,1) [ds+ P, (2),

e L=L+L,+..+L,, ®,(2), ¥Y,(2) — morenuianu mis cyuinsHoi obnacti D, siki Bixmosixarors

MPUKIAIEHOMY JI0 IUIACTUHKH 30BHIIIHLOMY HaBaHTAKEHHIO.
3a moOynoBoo moreHUianyu (3) aBTOMaTHYHO 3aJI0BOJBHSAIOTH YMOBY BiICYTHOCTI HalpyKeHb Ha
Mexi obmacti D Ta Bekrop HampykeHb (], IO BiAMOBiga€ UM TOTEHIlialaM, € HEMEPBHUMHU IPH

nepexoi uepe3 Koutyp L.
[HTerpasnbHi piBHSHHS MATUMYTh BHIJIS

,Bk27r$(iR—l)+Sk((D,‘P): f, zel,k=1..J, 4)
ne f =-S5, (D,,¥,).
S, (D,¥) :akd)(z)—d)(z)—dfldz[zd)'(z)+\P(z)] L zel. )
Hk%o_xk ’ ﬁk zi Hk(%o +1)+(%k +1) ’ Hk :Gk/GO'
H, -1 2 H, -1

Tyt ¢pyukuii @,V — Busnauarotscs 3a Gpopmysaamu (3) mpu Z € L, y sIKMX CHHTYISIPHI iHTETpa

Q=

PO3TIIAAIOTECS B CEHC1 TOJIOBHOTO 3HaYeHHs 3a Kori.
YucaoBuii aIropuT™M po3B’si3yBaHHs iHTerpajibHUX PiBHSAHD. /{715 po3B’s3yBaHHs piBHAHHS (5)
BHKOPUCTAEMO METOJ MEXaHIYHHX KBaaparyp. [Ipu npoMy piBHSHHS KOHTYPY IHTETPYBaHHS 3aIHUILEMO

napamMerpuyHo y Burnsim & =« (9) , n=p (9), 0<0 <27 . Po3rasHEMO BHIAIOK OJHOIO
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BKJIIOUCHHs. BBegeMo By3IoBi Toukn Ha KoHTYpi Z, =Xy +1Yy,, t =X +1y, , 1e Xk =a(r,),

=pke), X =a6), v.=06), 6,=Hk, 7,=0,-H/2, H=2z/N, N-— «kibxicrs
BUOpaHMX BY3JIOBHX TOUOK.
[ToknaBmm y croiBBiHOMmIEHHSX (4) X = )~(v, y = ;lv, v=1..,N i 3amiHuBIIK iHTerpamu

KBaJpaTypHOIO (OPMYJIOI0 MPSIMOKYTHHKIB, sIKa JUId MEPIOAWYHUX MiAIHTErpajbHUX (QYHKIIH, IO
MOXYTh MicTuTH sifpo Ko € ¢popmynoro niz[BI/ImeHOi' TOYHOCTI, OTPUMAEMO CUCTEMY PIBHSHB BUTILIIY

ﬁkzn(dsj (iR, -1, )+HZ(S‘R)R +SV1y="f,, v=1..,N, (6)

n=1
ac
S =S (@7 (z2,1,), ¥7(2,.1,)), S =S,(®;(z,.1,). ¥7 (2,.1,))

__Sk(q)D(Zv)’lPD(Zv))’ Rn = R(Xn! yn)s;'n’ In = I (Xn’ yn)Sn’ Sn =(d5/d 0)|9=9

Tyt BpaxoaHo, mwo ¢yskuii S, (P, V) micrsrs inTerpamu trmy Ko,

JIOMIOBHUMO IO CHCTEMY PIBHSHHSMH, SIKi OTpHMaHi 3aMiHow0 mapamerpis t i 7 wa t+H /2 i
7+ H /2, Binnosigxo.

,BKZH( j (iR —1 )+HZ(S‘R)RV +SM1)y=f,n=1..,N. @)

Cucremu piBusiib (6) i (7) € 3amkHenmmu. BusnauwBum Bemwumn R,| y BysnoBux Toukax
noteHiianu (a gani W HanpyKeHHSA) y JOBUIBHMX TOYKaX IUIACTUHKM 3HAWJEMO 3a KBaIpaTypHUMH
¢dbopmynamu. [lig 4ac 3HAXO/PKCHHS HAIPY)KEHb HAa MEXIi IMOALTY HEOOXIIHO JTONATKOBO BpaxyBaTH
CKJIaJIOBi, 1IJ0 BUHUKAIOTh IIPH TPAaHUYHOMY Tepexoai y Gopmymni CoxoubKoro.

Bkarouennsi, mociaadseHe 0TBOpoM. Po3riissHeMO HECKiHUEHHY IUIACTHHKY 3 BKIIIOYEHHSM, SIKE
nociabiaeHe OTBOPOM, Mexa sikoro | BibHaA Bix HaBaHTakeHHs. 3a oOmacte D BuGepeMo HeCKiHUCHHY
IUIOLIMHY 3 OTBOPOM, OOMEKEHMM KOHTypoM ['. 3amaua BU3HA4YCHHS JONMOMDKHUX ITOTCHIIIAIB

D D .. .
O; (z,c), ¥ i (z,c) 3BomuThCA 1O 3HAXOWKeHH: noTeHmianiB @,V , sxi MaroTh momocH

0, C g _ C % o
c—-2 c-z (c-2)
3a yMOBH, LIO BIIMOBiIHI J0 IMX MOTEHIiaiB HAmpyXeHHs Ha Mexi obmacti D Biacytni. Tyr C —
JIOBiTbHA KOMIUIEKCHA CTana.
Posrisinemo neranbHile BUMAIOK, KoMK OTBip Mae ¢opmy eminca. s moOyaoBH MOTEHIIATIB

®,,¥Y, HeoOXimHO pO3INIAHYTH 3amady Teopii NPYKHOCTI i IUIACTUHKU 13 ENiNTHYHUM
HCHAaBAaHT@KCHUM OTBOPOM 3a YMOBH, LIO y BHYTDILIHIX TOYKAaX KOMIUIEKCHI moreHuianu ¢,(Z) ra
W, (2) mators Taxi ocodmusocri [1]:
= -1
~—ClIn(z-c), y,~ClIn(z-c)+cC—, )]
Z—C
ne C, C— moBUIBHI KOMILUIEKCHI CTaJIl

Po3B's130K 3HaXOIMMO 3 BUKOPHCTaHHSAM Merony MycxemimBini [6]. s 1boro BUKOPUCTOBYEMO
¢dyHkuito z=m(g ), mo koHdopMmHO BimoOpaxae obmacth D Ha 30BHINIHICTH OAWHUYHOTO Kpyra, Je

o(l)=R(+m/{), R=(a+b)/2, m=(a—-b)/(a+b), a i b - misoci enintuunoro orsopy,
|g| >1.
Kommurekcni norenuianu ¢(&) =@, (0($)), w($) =y, (0({)) B mrommni { matumyTs BUrSiI

[1]

P(6)=U(Q) +7C—S—, y()=V(g)+yc—1 - £Lrme )

(6-¢.) c-¢) ¢2-m »'(¢), (10)
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e c=0(l,), ¢ =1/g, y:w(go)—w(llgo)’
@'(5)

U(g)=-C ln(g—gdﬂn(%j V(e)=C ln(g—go)+ln(—g‘gg*j

Pe3yabTaTn po3paxyHkiB. Po3risiHeMo MIacTHHKY i3 BKIIOYEHHSM, K€ JOAATKOBO MocialneHe
KPYT'OBUM OTBOpOM paziyca R. PesynbTaTn po3paxyHKiB i BUNIAJIKY, KOJU BKJIIOYEHHS KPYyroBe pajiyca

a npu R=a/2, E; = 0,5E naBeneno na puc. l.a.
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B)
Puc. 1. Kpyroge (a), kBagpaTHe (0) Ta mectukytHe (B) BKIIOYECHHS i3 KPYTOBUM OTBOPOM

AmHaJoriuHi pe3yabTaTé sl KBapaTHOrO 1 MIECTUKYTHOTO BKIIOYEHb HaBeACHO Ha puc.1.0,B.

Ha ocHOBI HaBeneHux rpadikiB BHUIUIMBA€, IIO: MPH M’SKIIOMY BKJIIOYEHHI KOHIICHTpALIS
HampyXeHb Ol OTBOpY 3MeHUIyeThecs. [y BKIIOUEHb ycix (OpM BHSBWIOCH, IO KoediuieHT
kouuenTpanii Hanpyxeub (KKH) =~ 2. To6ro, ¢gopma BkitoueHs mano BrummHyta Ha KKH. 3nauno
Oublie BIBae popMa BKIIOUEHb HAa HAIPY>KEHHS Ha MEXKi MOAUTY MaTepiaiiB.

AmnanorivHi pe3ynbTaTi A )Kopekimoro BraouenHs npu E; = 2E naeneno na puc. 2, 3
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Puc. 2. Kpyrose (a) Ta xBagpaTHe (0) BKIFOYCHHS 13 KDYTOBUM OTBOPOM
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Puc. 3. UlecTukyTHE BKIIOUYEHHS i3 KDYTOBUM OTBOPOM

Ha ocHoOBi aHamizy OTpUMaHHX pe3yJdbTaTiB PO3PaxyHKIB BHIUIMBAE, IIO. TMPH >KOPCTKIILIOMY
BKJIIOYEHHI KOHIICHTpALlisl HAaNpy>XeHb Oinsg oTBOpY 3pocTae. [y BKIIOUEHb yciX (OpM BUSBUIIOCH, IO
koedimienT kouuenrpaiii Hanpyxerb (KKH) ~ 4. To6to, ¢popma BriIrOueHb Mano BruinHyna Ha KKH.
3HayHo Oinplie BIUMBae (opMa BKIIOUEHb HA HANPYKEHHS Ha MEXI MOAUTy MaTepianiB, MPUYOMY
HaTpy>XeHHs! HalOUIBILI B OKOJIi KyTOBHUX TOYOK.

BucnoBku. [loOynoBaHo MomudikoBaHi iHTErpajibHi PIBHSHHA Ui TUIACTHHOK i3 MPYKHUMH
BKITIOUEHHSIMH, SIKi TOJATKOBO ocinabieHi orBopamu. OCHOBHA mepeBara TakuX piBHIHB MOJISTaE B TOMY,
IO TPaHWYHI YMOBH Ha JESIKHX MEXaX 3aJ0BOJNBHSIOTHCS TOTOXHO, IO J03BOJISE MiABUILIUTH TOYHICTDH
PO3paxyHKiB Ta 3MEHIIUTH 00’ €M 004KcIeHb. PO3B’13yBaHHA iHTErpalbHUX PIBHAHB BUKOHAHO YHCEITBHO
3 BUKOPUCTAHHSIM METO/ly MeXaHIuHUX KBajpaTyp. [IpoBeneHe TecTyBaHHs BKa3ye Ha BUCOKY TOUHICTB Ta
e(peKTUBHICTb pO3pOOIEHOr0 MiAXOAY. 3 BUKOPHCTAHHSIM PO3POOJIEHOTO AJITOPUTMY JOCHTIIHKEHO
HaTpyXeHHS! Y BKIIOYEHHSAX Ta B iX OKOJi 3aJieKHO BiA ()opMH BKIIOUYEHb. BcTaHOBIEHO XapakTepHi
0cOOJIMBOCTI y PO3NOAiI HAPYKEHB 3aJISKHO BiZ (YOPMHU BKIIOUYEHB Ta iX MPYKHUX XapaKTEPUCTUK.
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